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An analogue of the Fourier transform will be introduced for all square integrable 
continuous martingale processes whose quadratic variation is deterministic. Using 
this transform we will formulate and prove a stochastic Heisenberg inequality. 



1. Introduction 

The Heisenberg inequality in R (see Folland and Sitaram 3 and Strichartz 5 ) 
says that there exists a positive constant c such that for any / £ L 2 (R) and 
a and b real numbers, we have: 



{x - ay\f(x)\ 2 dx • / ( 7 - 6)^/(7)1^7 > c || / ||* . (1) 
In the above inequality, / denotes the Fourier transform of /: 

/(7) = / er 2 ^f(x)dx 
Jr. 
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while || / I2 represents the i 2 -norm of /. Besides, both integrals from the 
left-hand side are assumed to be finite. 

The mathematical interpretation of inequality (1) is that an L 2 -function 
and its Fourier transform cannot both be localized. See Folland and 
Sitaram 3 . 

In this paper the function / will be replaced by a complex valued 
stochastic process {Y t }t£i, where I is an interval of the form [0, T], for 
some T > 0, or I = [0, 00). The integration with respect to the Lebesgue 
measure will be replaced by the integration with respect to a real valued 
square integrable continuous martingale {X t }tei whose quadratic variation 
{(X) t }tei is deterministic. The real numbers a and b will be replaced by 
two real valued deterministic (measurable) functions g and g. The Fourier 
transform will be replaced by a unitary operator Q that will be defined in 
the next section. 

2. The {/-transform 

Let (fi, J 7 , P) be a probability space and {T t }t£i a filtration over T. Let 
{X t }t£i, where I = [0, T] or I = [0, 00), be a real valued square integrable 
continuous martingale defined on f2, adapted to {Tt\t^i, whose quadratic 
variation process {{X) t }tei is deterministic. That means, for all t G /, 
(X) t is constant a. s. (almost surely). Thus, as a process, X t is equal in 
distribution to a time-changed Brownian motion B h ^ with a deterministic 
time change h(t). We assume that X n = a.s.. Let / : R 2 — > R be a twice 
differentiable function with continuous second order partial derivatives. Ap- 
plying Ito's formula to the semimartingales X\ = X t and X? = (X) t we 
obtain: 



From relation (2), we see that, if / satisfies the differential equation: 





(3) 
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then f(X t , (X) t ) is a local martingale (see Durrett 1 , page 70). 

The function f c (x,y) — e cx -k c2 v satisfies equation (3), for all c G C. 
Thus f c (X t , {X) t ) is a local martingale, for all c G C. Since X t = B h ^ 
we have E(e cXt ) < oo, for all c G K and t € I. Thus the process £ ct := 
e cXt ~2 c ( x )t is a martingale (c is fixed). 

Lemma 2.1. For all t > and a?/ c and d complex numbers, we have: 

£ c ,t£ d .t = e cd ^£ c+d . t . (4) 

Proof. 

= e cX ^ c2 ^e dx ^ d2 ^ 

_ e cd(X) te (c+d)X t -±(c+d) 2 (X) t 



For any t <E I, let Vj be the vector space spanned by all exponential 
functions {£ c ,t}cec- Lemma 2.1 proves that V t is closed under multiplica- 
tion. The constant process 1 belongs to V t since 1 = £o,t- Since X t is a 
real valued function, we have £ Ct t — £c,t £ Vt, for all c G C. Thus Vt is an 
algebra containing the constant functions and closed under conjugation. 

Lemma 2.2. For all s, t > and all c and d complex numbers we have: 

E[£ c , s £ d , t ]=e cd ^^\ (5) 

where s At denotes the minimum between s and t. 

Proof. Let us assume that s < t. We have: 

E [£ c , s £d,t] — E[E [£ c , s £d,t\Fs]] 
= E[£ c<s E[£ djt \T s }] 

$ [£c,s£d,s] 



= E 



e cd(X) s£f 



= e cd < x ^E [£ c+d . s ] 
= e cd W°E[[£ c+dtS \F ] 
= e cd ^°E [£ c+dfl ] 



= e cd(X) s _ Q 



February 1, 2008 13:35 WSPC/Trim Size: 9in x 6in for Proceedings 



a 



4 

Wc define the function: Q : \J teI V t — ► U te iV t , G£ c ,t '■— £-ic,t- We can 
see that Q preserves the inner product. Indeed, we have: 

E [G£ c ,sG£d,t\ = [£-ic,s£-id,t\ 

= [£-ic,s£id,t] 

= e {-tc)(id)X 3M 

_ £ cdX s ^ t 

= E [£ CtS £ s>t ] 

= E [£ c ,s£d,t] ■ 

Thus Q can be uniquely extended to a unitary operator, that we denote 
also by G, from the Hilbcrt space H into itself, where H is the closure of 
the vector space spanned by {£ c , t | c e C, t e 1} in L 2 (fl, J 7 , P). 

3. The Operator of Multiplication by X t 

Let {X t }tei be a square integrable continuous martingale process adapted 
to the filtration Tt and having a deterministic quadratic variation process 
{(X) t }t£i- We know that for each t € I, X t = B^uy 

We note the following. If t is fixed, then h{t) is fixed, and X t is normally 
distributed with mean and variance h(t). Thus, 

e c ' Xt ' G L 2 (Q, T, P). (6) 

Since \X t \ < e' Xt ', we have 

\X t £ Ctt \ = \X t \.\e cX *-^W<\ 

< e \X t \ e \c\-\X t \ e -^(X) t 
= e -SH^I(^> te (| c | + l)|^ t |_ 

Since, according to (6), e (l c l +1 )l Xt l 6 L 2 (Q, T, P), we conclude that X t £ c . t E 
L 2 (n,T,P), for all c £ C and t G /. 

Lemma 3.1. For any t E I and c E C, we have: 

X t £ c t — hm — -£ c t , in L 2 — sense. (7) 
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Proof. We have: 



,. £rt-l ,. e rX *-V(^)t - 1 
hm — : = hm 

r^O r r^O r 

d 



r=0 



X 



£ 1 . . 

Thus X t £ c ,t = lim r ^o — £c,t pointwise. By Taylor's formula with La- 
grange's remainder, for any fixed lo € ft, there exists a real number u{oj) 
between and rX t (oj) — ^{X) t such that 



e rX t ^)-r- {X)t = 1 + rXt{uj) _ <_ {x)t + _ e u( u ) 

This relation can be rewritten as: 



p^iM-tWi — 1 r r , nT r 1 2 
X t (u) = --{X) t + -e"<<"> [ Xt(w) _ _ (X ) t _ . 

From here, using the inequalities e" (w) < e l r l-l**MI and |X t (w)| < el Xt (")l, 
and (6), it follows from Lebesgue's dominated convergence theorem, that 

e TXt ™-f {xu -i. _ Xt (u) -> in L 2 (»,.F, P), as r -> 0. □ 



4. The Differential Operator 

Definition 4.1. For any t £ I and c G C, we define D t £ ct :— c(X) t £ c<t . 

We extend D t by linearity to the vector space V t spanned by the exponential 
functions {£ c ,t}ceC- We must check that D t is well-defined. 

Lemma 4.1. D t : V t —* Vt is a well-defined operator. 

Proof. To check that D t is a well-defined operator from Vt into itself we 
must check that if a function / can be expressed in two different ways as 
a linear combination of exponential functions, then calculating D t f using 
these two linear combinations we obtain the same result. This reduces to 
checking that if Ai, A 2 , . . . , Ajy e C and ci, c 2 , . . . , e C, c, ^ cj, for 
i 7^ j, such that: 

N 



^k£ Ck ,t - o, 



fc=i 
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then 



N 



\kCk{x) t £ Ck ,t = o. 

fe=i 

If EfcLi ^k£c k ,t = 0, then for any n G {0, 1, N — 1} we have: 

E ^EfcLi Xk£ Ck ,tj £ n ,t = 0- This means, according to formula (5), that: 

N 

\ke nCk{X)t = 0, Vn e {0, 1, . . . , N - 1}. 

fe=i 

The above relations represent a homogenous linear system of N equations 
and N unknowns Ai, A 2 , Ajv, having a Vandermonde determinant. 
Since Cj ^ cj, for i ^ j, the Vandermonde determinant of the above system 
is different from zero if (X) t ^ 0. Thus if (X) t ^ 0, then Ai = A2 = • • • = 
\m — 0. Hence, either (X) t = or Ai = A 2 = • • • = Ajy = 0. Therefore, 
EfcLi XkC k (X) t £c k ,t = 0. □ 

We call Dt the differential operator. Its initial domain is Vt which is 
a dense subspace of the Hilbert space Ht, where Ti t is the closure of V t 
in L 2 (fl,F,P). Observe that H t C L 2 (fl, <j(X t ), P) C L 2 (n,T t ,P), where 
o-(X t ) is the smallest cr-field on with respect to which X t is measurable. 
Since X t = B/j(t), we have TLt = L 2 (f2, a(X t ), P) (see Janson 4 , page 19). 

We denote the adjoint of D t by D$. 

Lemma 4.2. For any t 6 I, V t is contained in the domain of D\ and for 
any ip G V t we have: 

X t <p = D tl p + D* t <p. (8) 

Proof. Since V t is spanned by the exponential functions we have to check 
that for all d S C, £d,t belongs to the domain of D\ and for any c 6 C we 
have: 

(D t £ c>t , £ d .t) = (£ c ,t, (x t - D t )e d ,t), (9) 
where (, } denotes the L 2 -inner product. Let us observe that, for any com- 
plcx number c, the function g c : M 2 — > M, g c (x, y) = (x — cy)e cx ~^~ y satisfies 
the differential equation: 

l d 2 g c + dgc = Q 
2 dx 2 dy 
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It follows from Ito's formula that the process {g c (X t , (X) t )} te j is a mar- 
tingale. We denote this martingale process by {X t £ c ,t}tei- So, X t £ c ,t — 
(X t — c(X) t )e cXt ~V( x >*. From this definition we obtain the formula: 

x t e Ctt = x t £ c>t + c(x) t e Ctt . (io) 

Thus we have: 

(E c>t , (X t - D t )8 d>t ) = E[X t e c , t E 3tt ] - E[£ c>t D t £ 3tt ] 

= E[X t £ c+dit e cd ^\ - E[£ c J{X) t £ d . t ] 
= e c3 ^E[X t £ c+dtt ) - d(X) t E[£ C!t £ dtt }. 

Using relations (10) and (5) we obtain: 

(Set, (X t - D t )£ dtt ) 
= ef d ^E[X t £ c+u + (c + d)(X) t £ c+itt ] - d(X) t E[E c>t £ 3tt ] 
= e^E[X t £ c+lt \ + ( C + d){X) t e c ^E[£ c+lt ] - d{X) t e^K 
Because {X t £ c+d t }tei and {£ c+ d t}tei are martingale processes we have: 

E [ x t£ c +d,t\ = E \ x o£ c +dfi] 
= 

and 

E [£ c +d,t\ = E [£ c +d,o\ 
= 1. 

Thus, we obtain: 

{£ CtU (X t - D t )£ dtt ) 
= e cJ < x >< • + (c + d)(X) t e cd ^ t • 1 - d{X) t e c ^ x ^ 
= c(X) t e cS < x ^ 
= c(X) t E[£ c>t e 3tt ] 
= {c(X) t £ Ct t,£d,t) 

= {D t £ Ci t,£ d ,t)- □ 

Corollary 4.1. For all t £ I, the differential operator D t admits a closed 
extension. 

Proof. Let W t be the subspace of all functions ip in TL t for which there 
exists a sequence {(p n }n>i C Vt such that <p n — > <p in i 2 (fi,JT,P) and the 
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sequence {D t (p n } n >i is Cauchy in L 2 (il,.P, P). Wc define the operator D t 
on Wt in the following way: if ip G Wt and {<p n }n>i C Vt such that ip n ^ ip 
in L 2 (£1,.P, P) and {£>t<Pn}n>i is Cauchy in L 2 (f2, .F, P), then £) t <£ = u, 
where w = lim^oo P t (^„ in L 2 (Q, J 7 , P). We notice that u G H t . 

We need to check that Pt<P is well defined. Let {</?n}n>i C V* such 
that ^9„ — > <p in L 2 (Q, J 7 , P) and {Pt^njn^i is Cauchy in L 2 (0, J 7 , P), and 
{V'njn^i C V t such that V'n <P in L 2 (f2,.F, P) and {PtV'njn^i is Cauchy 
in L 2 (fl, J 7 , P). Let u := linin^oo D(<^ n and w := linin^oo D t ip n - Both 
limits are in the L 2 -sense. For any <j> G Vt we have: 

(u, </>) = lim {D t ip n ,4>) 

n — >oo 

= lim {ip n ,Dt4>) 

71— »00 

= (<p,d;<i>). 

In the same way, we can see that 

Thus (w, <p) — (v, </>}, for all <j> G Vt. Since Vt is dense in 7Y t and u, v E Ht 
it follows that u — v. □ 

From now on we will denote the closure of D t by P t , too. 

5. Commutation Relationships 
Lemma 5.1. For any t E I, we have: 

[D t ,X t ] = (X) t I. (11) 

Proof. We will check that for any exponential function S c ,t we have: 

D t Xt£ c , t - X t D t £ c , t = (X)t£ c ,f (12) 

Indeed we have: 

£ — 1 

D t X t £ c .t = Dt lim £ c t . 

We have seen that, because of (6), the limit from the right-hand side of the 
last equality is both pointwise and in the L 2 -sense. The last equality can 
be written now as: 

D t X t £ c ,t = D t lim - £c - 1 

s^O S 

£ s+c t e sc ^ x ^ - £ c t 
= Alim + ' 



s^O S 
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Because we are working with the closure of the operator D t and the limit 
from the last relation is in the L 2 -sense, we can commute Dt with the limit 
if Dt £ s +c,te sc< x }t -£c,t converges in L 2 (n,F,P), as s -> 0. Commuting D t 
with the limit we get: 

£ s+c , t e sc Wt - £ c . t 



D t X t £ Cit = lim D t - 



lim 
lim ■ 



e so(X) tD c 



DtEc. 



sc(X) i 



{s + c)(X) t £s+c,t-c(X) t £ c , t 



= { X )t hm is + ^ X) ^ +c ,-c£ c , 

s^O S 



(X) t lim 



(s + c)£ c t £ s .t ~~ c £c,t 



= {X)t 



lim £ s t + c lim — 

s^O ' s^O s 



'C.t 



= {X)t[£ .t + cX t ]£c.t 
= (X)t(l + cX t )£ c .t 
= (X) t £ c .t + Xt(c(X) t £ c . t ) 
= {X) t £ c .t + X t D t £ c .t. 

Because of (6) all the above limits are not only pointwise, but also in the 
L 2 -sense. Thus 



DtX t £ c . t — X t D t £ c .t — (X) t £ c ,t- 

Corollary 5.1. For any t 6 I, we have: 

[D t ,D*\ = {X) t I. 



□ 



(13) 



Proof. According to formula (8) we have X t = D t + Djf . Thus: 
[D t ,D* t ] = [D t ,X t - D t ] 

= [D u X t ]-[D u D t ] 
= (X) t I-0 

= (X)J. □ 



Lemma 5.2. For any t £ I, we have: 

D t G = -iQD t . 



(14) 
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Proof. For any exponential function £ Cjt , we have: 

DtG£c,t — Dt£-ic,t 

= -ic{X) t £~ic,t 
= -ic(X) t G£ Ctt 
= -iQ (c(X) t £ Ctt ) 

= -igD t £ c , t . □ 

Lemma 5.3. For any t E I, we have: 

D*G = iQD*. (15) 

Proof. For any two exponential functions £ Cjt and £d,t, we have: 

(D'* t Q£ Cytl £d.t) = (G£ c ,t,D t £d,t) 

= (£-ic,t,d(X) t £d,t) 
= d{X} t (£_ iCtt ,£ d ,t) 
= d(X) t e- icS W* 

= i(-id)(X) t e c ^ x ^ 
= i(-id)(X)t(£ c ,t,£id,t) 
= i(£ c ,t,id(X) t £id,t) 
= i(£ c ,t, D t £id,t) 
= i(D%£ Ci t,£id,t)- 

Since Q preserves the inner product, being a unitary operator, we obtain: 

{DtG£ c ,t,£d,t) = i{Df£ Cl t,£id,t) 

= i{QD%£ Ctt , Q£id.t) 
= i(QDt£ c j,£-i(id),t) 
= (iQD^£ Cit ,£d,t)- 

Thus D* t Q = iQD*. □ 
6. Heisenberg Inequality 



Lemma 6.1. Let t e I and Y t e L 2 (Q 1 a(X t ), P). Let c t , c t G R. If Y t 



belongs to the domains of the operators D t , , D t D% , and D%D t , then 

E[(X t - c t ) 2 \Y t \ 2 ^E[(X t - ~c t f\gY t \ 2 ]^ > (X) t E[\Y t \ 2 }. (16) 
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Proof. Since X t = D t + D%, we have: 

E[(X t - c t ) 2 \Y t \ 2 ^E[(X t - ~c t ) 2 \QY t \ 2 ]^ 
= E[\(D t + D* t - ct)Y t \ 2 ]$E[\(D t + D* t - c t )GY t \ 2 ]^ 

= E[\(D t + d* - Ct )Y t \ 2 ]?E[\(D t g + d;g - £ t g)Y t \ 2 }? . 

Using the commutation relationships (14) and (15) we obtain: 

E[(X t - c t f\Y t \ 2 ]^E[{X t - c t ) 2 \QY t \ 2 ]^ 
= E[\(D t + D* t - ct)Y t \ 2 ]vE[\(-igD t + iQD* t - ~c t Q)Y t \ 2 ]^ 
= E[\(D t + D* - c t )Y t \ 2 ]^E[\ig{-D t + D* t + ic t )Y t \ 2 }i . 

Since Q is a unitary operator and i has modulus 1, we have E[\iQ(— D t + 
D* + ic t )Y t \ 2 ] = E[\(-D t + D* t + ic t )Y t \ 2 ]. Thus we obtain: 

E[(X t - c t ) 2 \Y t \ 2 ^E[(X t - ~c t ?\GY t \ 2 ]^ 
= E[\(D t + d; - Ct)Y t \ 2 ]*E[\(-D t + D* + ic t )Y t \ 2 ]? 

= \ {E[\(D t + D* t - c t )Y t \ 2 ]iE[\(-D t + D* t + ic t )Y t \ 2 ]? 
+ E[\(-D t + D* t + ic t )Y t \ 2 }iE[\(D t + D* t - c t )Y t \ 2 }?} . 
Applying Schwarz inequality we obtain: 

E[(X t - c t ) 2 \Y t \ 2 ]iE[(X t - ~c t ) 2 \9Y t \ 2 ]^ 
= \ {E[\(D t + D* t - c t )Y t \ 2 ]iE[\(-D t + D* t + ic t )Y t \ 2 ]i 
+ E[\(-D t + D* t + ic t )Y t \ 2 }iE[\(D t + D* t - c t )Y t \ 2 }^ } . 

> \ {\((D t + D* t - ct)Y t , (-D t + Dt + ict)Y t )\ 
+ \((-D t + D* t + ict)Y u (D t + Dt ~ c t )Y t )\} . 

Applying the triangle inequality we get: 

E[(X t - ct)*\Y t \ 2 ]*E[(X t - ~c t ) 2 \9Y t \ 2 ]? 
> X - \((D t + Dt - Ct)Y u (-D t + D* t + ic t )Y t ) 
+ ((-D t + Dt + ic t )Y u (D t + D* t - c t )Y t )\. 

Using the linearity in the first argument and the conjugate linearity in the 
second argument of the inner product, and the definition of the adjoint 
operator, because c t and c t are real numbers, the last expression can be 
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simplified and we obtain finally: 

E[(X t - c t ) 2 \Y t \ 2 ]^E[(X t - ctf\gY t \ 2 ]i 

> \ \-2(D t Y t ,D t Y t ) + 2(D* t Y u D* t Y t )\ 
= \-(D t Y t ,D t Y t ) + (D* t Y t ,D* t Y t )\ 

= \-(D* t D t Y t ,Y t ) + {D t D*Y u Y t )\ 
= \((D t D* t -D* t D t )Y t ,Y t )\ 
= \([D t ,D* t ]Y t ,Y t )\. 

Using the commutation relationship (13) we obtain: 

E[(X t - c t f\Y t \ 2 ]^E[{X t - ~c t f\QY t \ 2 ]^ 

> \((X) t Y t ,Y t )\ 
= (X)t(Y t ,Y t ) 
= (X)tE[\Y t \ 2 }. 



□ 



Theorem 6.1. Let {Yt} t< z[o t T] be a stochastic process such that for each 
t e [0, T], Y t e L 2 (Q,o-(X t ),P) and Y t belongs to the domain of D t , D* t , 
D t D1 , and D^D t . Then for any Borel measurable functions g, g : [0, T] — > 
R, we have: 



E 



> E 



[ (X t - g{t))Y t dX t 
Jo 



I 



2" 


2 








E 




I 











(X t - g(t))gY t dX t 



\Y t \ 2 (X) t d(X) t 



(17) 



We assume that all the measurability and square integrability conditions, 
necessary for the existence of the above stochastic integrals, hold. 



Proof. Using the isomorphism through which the stochastic integral is 
extended from the simple processes to the square integrable processes we 
obtain: 



E 



•T 



(X t - g(t))Y t dX t 



E 



f (X t - g(t))GY t dX t 
Jo 



E [\(X t g(t))Y t \ 2 } d(X) t f E[\(X t 5W)^ t | 2 ] d(X) t . 

Jo 
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Applying Schwarz inequality we obtain: 

m 2' 



E 



f (X t - g(t))Y t dX t E f (X t - ~g(t))GY t dX, 
Jo Jo 



= [ T E [\(X t g(t))Y t \ 2 ] d(X) t C E[\(X t ~g(t))GY t \ 2 ]d(X) t 
Jo Jo 

> E [\(X t - g(t))Y t \ 2 } * E [\(X t - ~g{t))GYt\ 2 } ' d(X) t J . 

Applying inequality (16), for c t := g(t) and c t := g(t), we obtain: 



r 

Jo 



(X t - g(t))Y t dX t 



E 



f 

Jo 



(X t -g(t))QY t dX t 



> / E[\{X t -g(t))Y t \^E[\(X t -g{t)Wt\Td(X) t 
Jo 

rT 

> 



= E 



f (X) t E[\Y t f]d(X) t 
Jo 

[ T \Y t \ 2 (X) t d(X) t 
Jo 



□ 



If we take, Y t := y(X t ), where <p : M — > C is a Borel measurable function, 
then we obtain the following: 

Corollary 6.1. Let ip : R — > C be a Borel measurable function such that 
for each t G [0, T], (fi(X t ) belongs to the domain of D t , D* t , D t D\, and 
D\D t - Then for any Borel measurable functions g, g : [0, T] — > R, we have: 



E 



> E 



(X t - g(t)MX t )dX t 



E 



[ (Xt-g(t))g^(Xt)dX t 
Jo 



f Mx t )\ 2 (x) t d(x) t 

Jo 



(18) 



We assume that all the measurability and square integrability conditions, 
necessary for the existence of the above stochastic integrals, hold. 



Suppose X t — B t is a Brownian motion process. Then for each t G [0, 
T], (X) t = t is deterministic. The inequality (17) becomes: 
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Theorem 6.2. Let {it}te[o,Tl oe a stochastic process such that for each 
t € [0, T], Y t is measurable with respect to the sigma-field o-(B t ) and Y t 
belongs to the domain of D t , D\ , D t D\, and D^D t . Then for any Borel 
measurable functions g, g : [0, T] — > R, we have: 



E 



> E 



f 

Jo 



(B t - g{t))Y t dB t 



t\YtVdt 



E 



f (B t - ~g{t))GY t dB t 
Jo 



(19) 



We assume that all the measurability and square integrability conditions, 
necessary for the existence of the above stochastic integrals, hold. 

In all the inequalities from this section we may replace J Q T by J °° and 
obtain the same results. 
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